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Abstract 



! We consider a viable market model. Suppose that new information arrives at the market. We are 
Oh I interested in modeling the market reaction facing to the change of information. In particular we 
^ ■ seek for the limit on the intensity of information change below which the market stays always 
a • viable. We succeed to find such a limit with the drift operator when the market possesses the 
martingale representation property. 



1 Introduction 



o: 

CN ■ There are situations where one is concerned with market models affected by the expansion of 
the information flow. It is the case, for example, when we consider the coherence between two 
parallel markets and we regard if the knowledge on one market brings arbitrage opportunities 
X I in the other one, or when we price defaultable corporate bonds and we are interested in the 
■ impact of the default information on the market of corporate stocks, or when we model the 
information asymmetry between different agents, or when we model the credit risk, etc. 

The fundamental tool to study such situations is the theory of enlargement of filtrations (see, 
for example, [T5| [T6| |23| |22| H]). Many works exist on market modeling in application of this 
theory. We observe, however, that the applications are essentially confined within two specific 
frameworks : the initial enlargement of filtrations or the progressive enlargement of filtrations, 
which fix the way that the information flow is expanded. In this paper we consider the problem 
from a different perspective. We will suppose the viability of the market after the expansion of 
the information flow. We regard then the consequences that we can draw about the expanded 
information flow. 

The viability of a market is the property that the utility optimization in the market have 
solutions (see [101 EH HH HI HH]). According to [18], an operational way to formulate the 
market viability is to say that the price processes are semimartingales and they satisfy the 
condition NAl. The condition NAl is an operational condition, because it is equivalent to the 
existence of local martingale deflators and is equivalent to the structure condition. These last 
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suit perfectly to stochastic calculus. (See for example 1251 [ISl EDI ESI El E] for background 
information. Section |3TT] gives precise definitions of these notions.) 

An information flow in a market is modeled by a filtration F. An expansion of the information 
flow is represented by another filtration G such that F C G. We are in the framework of 
enlargement of filtrations. A basic assumption in the theory of enlargement of filtrations is the 
Hypothesis(^r') (see [15] or Section |2|), which states that any real valued local martingale X in 
F is a semimartingale in G. Let T{X) denote the drift part of X in G. 

The concept of information is a fascinating notion, but also an elusive notion especially when 
we want to quantify it. The framework of enlargement of filtrations F C G offers since long a 
nice laboratory to test the ideas. In general, no common consensus exists how to quantify the 
difference between the two filtrations G and F. The notion of entropy has been used there (see 
for example [271 IS])- But a more convincing measurement of information should be simply the 
drift operator F itself. (See, for example, the discussion in [1] and the references therein. See also 
[13] for a use of F in a study of the martingale representation property in G.) This observation 
is strengthened by the result in this paper. For the problem we study below, the drift operator 
T{X) proves to be a very good gauge to control the level of the information expansion, in 
order to maintain the viability of the market. More precisely, suppose that the market with 
information flow F is viable on a time horizon [0,r]. Suppose that the Hypothesis(if') holds 
for the passage from F into G with a drift operator F(X) in the classical form : 

T{X) = [N,Xf~P 

where is a vector valued F local martingale, ^ is a vector valued G predictable process, and 
denotes the predictable dual projection in F. Then, under technical assumptions, if the 
increasing process (defined by an integral) ''^(.[A^'^, '''A^'^])^ is a finite process, if 1 + ^TpAN > u 
for a G predictable process u and the increasing process ^ . [V^, V^] and ^^^(.[A^'^, '''A^'^])^ are 
(P, G) locally integrable, the market with the expanded information flow G will be viable on 
[0,T]. See Theorem 14.41 and Corollary 14.51 for the exact statements of the results. 

If no jumps occurs in F, the problem of the viability in the market with expanded information 
flow will have a very quick solution. The situation becomes radically different when jumps 
occur. To have an idea about the implication of jumps in the study of the market viability, 
the articles [T8l [T9] give a good illustration. Technically speaking, this work is a study on the 
jumps of filtrations. We come to a satisfactory solution for the problem of jumps, under two 
key assumptions : The drift operator F takes a classical form and the filtration F possesses the 
martingale predictable representation property. See Assumption 13.21 and 14.11 for details. 

The paper is organized as follows : In section [2] we recall some vocabulary from stochastic 
calculus used in this paper. In section [3] we introduce the notion of structure condition and 
the basic assumptions. We give a first analysis on the problem to be solved in dividing the 
structure condition into three types : continuous type, accessible type and totally inaccessible 
type. We solve the problem in the case of continuous structure condition. In section |H noting 
that the two structure conditions of jumping type (accessible or totally inaccessible types) need 
a special treatment, we introduce the martingale representation property and we give a different 
formulation of the problems to be solved. The main result of this paper is stated in Theorem 
14.41 The long section [5] is devoted to the proof of the main result. We note firstly that the 
structure condition of jumping type can be localized at the jumping times. This observation 
leads us to the following idea : solve the problems locally at each jumping times, and integrate 
the local solution into a global one. To find solutions at the jumping times, we need to compare 
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precisely the conditional expectations E[-|J-/j_] and E[-|^/j_] for a F stopping time R. This is 
done with the notion of conditional multiplicity introduced in [3]. We obtain in subsection 15.51 
a nice relationship between these conditional expectations, which provide the key element to 
construct the final solutions. 

We say two words on the role played by the martingale representation property (97trp) in this 
paper. It is a tool for computations. This observation becomes particularly clear when we note 
that the essential condition in the main result Theorem 14.41 is the integrability condition concer- 
ning the processes u,Tp, D, N, which can be formulated independently without 2Jtrp. This may 
mean two things : Firstly, we have the freedom to choose different QJlrp to facilitate the compu- 
tations. Secondly, the result of this paper may be true without the martingale representation 
property. For the moment, we are content to work with DJtrp, because it leads to a complete 
solution with elementary computations. This founds a good basis for a future study. 



2 Vocabulary from stochastic calculus 

This paper is based on the stochastic calculus as presented in [TT| [T5| [S]. We fix a probability 
space {Q,A,¥). Let F = {J^t)t>o be a filtration in A satisfying the usual condition. 



Vectorial convention 

The elements v in M.^ are considered as vertical vectors. We denote their transpositions by 
We denote by (iv\v)) the inner product in M'^. 

We deal with finite family of real processes X = (Xj)i<j<fc (A; G N*). They will be considered 
as a process X taking values in the vector space M'^. To mention such a X, we say that X is a 
/c- dimensional process. For the value of X at time t > 0, we denote by {Xt)i the component 
of the vector Xt. When X is a semimartingale, we denote by [X, '^X] the k x /c-dimensional 
matrix valued process whose coefficients are for I < i, j < k. 



The processes 

By definition, AqX = for any cadlag process X. For an process A with finite variation (always 
assumed cadlag), we denote by dA the (signed) random measure that A generates. For p > 1, 
for a A;-dimensional process V whose components are all processes with finite variation, we 
introduce 

y^(P, F,dy) = {H : H is fc-dimensional F predictable process, and for 1 < h < k, 

|(//s)/i||d(K)/i|,t > 0, is a (P, F) locally ]3-integrable process} 

When p = 1, we note simply V(P, F, dV). 
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The projections 



With respect to the filtration F, the notation denotes the predictable projection, and the 
notation denotes the predictable dual projection. 

The martingales and the semimartingales 

For any special semimartingale X, we can decompose X in the form (see [HI Theorem 7.25]) : 



where X"^ is the martingale part of X and X^ is the predictable part of finite variation of 
X, X'^ is the continuous martingale part, X"'" is the part of compensated sum of accessible 
jumps, X'^'^ is the part of compensated sum of totally inaccessible jumps, X^'^ is the continuous 
part of X'" , X'"^ is the purely jumping part of X'" . We recall that this decomposition of X 
depends on the reference probability and the reference filtration. In the computations below we 
apply this notation system only for the decompositions in F. We recall that every part of the 
decomposition of X, except Xq, is assumed null at t = 0. 

For a semimartingale X, [X, X]o = by definition. Let p > 1, we denote by W{¥, F) the space 
of (P, F) local martingales X such that ^J\X^X]Z^ is (P, F) integrable. We denote by 'Hf„,(P, F) 
the family of local martingales locally in 'H^(P, F). We say the a sequence (X„) in the space 
?^fQ^(P, F) converges to X, if there exists an increasing sequence {Rm) of IF stopping times such 
that sup„>i Rm = oo and, for each m, X^™ converges to X^"^ in ^/^(P, F). 



The stochastic integrals 

In this paper we employ the notion of stochastic integral only on the predictable processes. The 
stochastic integral are defined as at t = 0. We use a point "." to indicate the integrator process 
in a stochastic integral. For example, the stochastic integral of a real predictable process H with 
respect to a real semimartingale Y is denoted by . y, while the expression 'K(.[X, ~^X])K 
denotes the process 



where K is a A;-dimensional predictable process and X is a fc-dimensional semimartingale. The 
expression "'^(.[X, ^X])K respects the matrix product rule. The value at t > of a stochastic 
integral will be denoted, for example, by ^K(.[X, ^X])/^^ 

The notion of the stochastic integral with respect to a fc- dimensional local martingale X follows 
We introduce L^(P, F,X) as the family of F predictable /c-dimensional process H such 



that y^H{.[X,~^X])H is (P, F) locally p-times integrable {p > 1). For a sequence (//„)„>i of 

elements in L^(P, F, X), we say that Hn converges to an element H G L^(P, F, X), if there exists 
an increasing sequence (Tm)m>i of F stopping times such that sup^>]^ = oo and, for any 
m > 1, 



X = Xo + X™ + X^ 
X™ = X^ + X'^" + X' 

= X^" + x^^ 
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We define in the same way the notion of Cauchy sequence in L^(P, F, X). We recall that the 
space L^(P, F, X) is complete in the sens that for any Cauchy sequence {Hn)n>i in L^(IP, IF, X), 
there exists a if G L^(P, F, X) such that Hn converges to H (see [TT| Theoreme (4.60)]). When 
p = 1, we denote L(P, F,X) instead of [}{¥,¥, X). We say that a fc-dimensional F predictable 
process is integrable with respect to X under the probability P, if it belongs to L(P, F, X). For 
such an integrable process H, the stochastic integral .X is defined. We introduce il(P, F, X) 
the set of all stochastic integrals .X for H G L(P, F, X). The bracket process of a stochastic 
integral ^71 .X can be computed using Remarque(4.36) and Proposition(4.68) in |TT]. We note 
that, iiH,Ke \J{¥,¥,X), the process ^{.[XjX])K is a well defined process with (P,F) 
locally integrable variation. 



The martingale representation property 

We introduce the space £(P, F) of all (P, F) local martingales M null at the origin Mq = 0. 
We consider a A;-dimensional stochastic process W. We say that the martingale representation 
property holds in the filtration F under the probability P with respect to the driving process W, 
if ly is a (P, F) local martingale, and if £,{¥,¥, W) = ii(P, F). The martingale representation 
property will be denoted by 9Jlrp(P, F, W), or simply by Wlip. See [I3] for general information 
on DJlip. 



Enlargements of filtrations and the Hypothesis(//') 

Let G be a filtration containing F. Let T be a G stopping time. We introduce the Hypothesis(i^f') : 

Hypothesis{H') on the time horizon [0,T] There exists an application T from £(P, F) into 
the space of cddldg G-predictable processes on [0, T] with finite variation and null at the origin, 
such that, for any X G il(P, F), X := X — T{X) is a (P, G) local martingale on [0,T]. The 
operator T will be called the drift operator. 

Other conventions 

In this paper, calling a number a positive means that a > and calling a function f{t),t G M, 
an increasing function means f{s) < f{t) for s < t. For a number a > 0, we call it a strictly 
positive number. 

Relations between random variables is to be understood almost sure relations. For a random 
variable X and a cr-algebra J-", the expression X G J-" means that X is J-'-measurable. 
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3 Structure condition 



3.1 Basic setting and definitions 

All long this paper, S = {Si, . . . , S\^) denotes a k- dimensional (P, F) special semimartingale, 
whose components are all strictly positive. The triple (P, F, S) represents a financial market 
with a discounted price process S and an information fiow F. Let x > 0. We introduce 

Ql^{¥,¥,S) = {H : e L(P, F, 5") n y(P, F, d^'"), {x + ^ . S)t > 0,yt > 0} 

A couple TT = (x, H), where x > and H G 2tx-(P, F, S), will be called an admissible strategy 
in the market (P, F, S). We set 5" = ^^^'^^ =x + ^.S. 

Definition 3.1 Let T > be a¥ stopping time. We say that the price process S satisfies the 
structure condition in the filtration F with a (P, F) local martingale D under the probability P 
on the time horizon [0,r], if there exists a real (P, F) local martingale D such that, on the time 
interval [0, T], Do = 0, AD < 1, [^f , Df-P exists, and = [SI'', Df-P for 1 < i < k. 

Definition 3.2 Let T > be a¥ stopping time. We call a strictly positive real process T with 
To = 1 a local martingale deflator on the time horizon [0,T] for the market (P, F, S*), if, for 
any admissible strategy {x,H), the process TS^^'^^ is a (P, F) local martingale on [0,T]. In 
particular, T is a (P, F) local martingale. 

Remark 3.1 Note that the notion of structure condition exists in the literature, particularly 
in [5l [25]. In this paper we have formulated the structure condition in a form slightly different 
from the original one, in order to better adapt to the problem studied below. 

The existence of local martingale defiator and the structure condition are equivalent conditions, 
as it will be explained below. They are equivalent also to the conditions NUPBR and NAl (see 
[181126]). 

Theorem 3.1 Let T > be a¥ stopping time. The market (P, F, S) possesses a local martingale 
deflator on the time horizon [0,T], if and only if S satisfies the structure condition on the time 
horizon [0, T] . 

Proof. It is a standard application of the integration by parts formula, once we know that a 
local martingale defiator is always an exponential local martingale, which can be proved using 
[n] or |6]. ■ 

We assume in the remainder part of this paper the following assumption. 

Assumption 3.1 S satisfies the structure condition in (P, F) on the time horizon [0,oo) with 
a (P, F) local martingale D. 
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3.2 Structure condition in a market with an expanded information 
flow 

We look at the situation that new information arrives at the market (P, F, S"). This situation 
is modeled by (P, G, S) with G being an expansion of the filtration ¥ : Qt D J^t for i > 0. We 
now study the structure condition in this expanded market (P, G, S). 

We assume the following conditions : 

Assumption 3.2 Let T be a G stopping time. 

1. The Hypothesis{H') is satisfied on the time horizon [0,T] with a drift operator T. 

2. There exist N = [Ni, . . . , Nn) an n-dimensional (P, F) local martingale, and Tp an n 
dimensional G predictable process such that, for any X G £(P, F), [N,X]^~'p exists, Tp G 
\/_{F,G,d[N,Xf-P), and 

T{X) = ^Jp. [N,Xf-P 

on the time horizon [0,T]. 

Remark 3.2 Assumption 13.21 is satisfied in a number of concrete models, especially among the 
models of progressive enlargement of filtrations, or the models satisfying Jacod's criterion (|12|). 
or (l:])-model in [T3]. Assumption 13.21 is a fairly strong condition. It assumes almost that N is 
locally a BMO martingale {Tp may contain singularity). The purpose of this paper is to understand 
the structure condition in the expanded market at least under this strong condition. ■ 

Note that, even if the Hypothesis(//') holds only on the time horizon [0,T], it is convenient 
to extend the operator F on the whole ]R_|_. For this, we simply suppose that Tp = ^1[o,t] and 
define F by . [A, A]'^"^ (recall that the processes A, ^ are defined on the whole M_|_). As a 
consequence, A = A - F(A) and [A, A] for A G £(P,F) are well defined on M+. 

Under Assumptions 13.11 and 13. 2[ we have immediately the following lemma. 

Lemma 3.2 We denote M = S"^. The (P, G) canonical decomposition of S on [0,T] is given 
by ^ 

S = M+[D, Mf-P + ^Tp . [A, Mf-P 

so that the structure condition for the expanded market (P, G, S) takes the following form : 
There exists a G local martingale Y such that Iq = 0,AY < 1, [y, Mj]*^"^ exists, and for 
l<i<k, 

[Y, M,f-P = [D, + > . [A, M,f-P (1) 

on the time horizon [0,T]. 
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3.3 Structure condition decomposed 

The structure condition ([T]) is naturally linked with the following more specific structure condi- 
tions : 

. Continuous structure condition There exists a continuous (P, G) local martingale Y' 
such that, on the time horizon [0, T], 

[y, Mff-^P = [D, M^f-P + > . [A^, M^f-P (2) 

. Accessible structure condition There exists a (P, G) local martingale Y" of compensa- 
ted sum of jumps such that [Y", Mf"]^-f exists ; the jumps of Y" are all (P, F) accessible ; 
AY" < 1 ; and, on the time horizon [0, T], 

[Y", Mf'^f-P = [D, Mf'^f-P + > . [N, Mf^f-P (3) 

. Totally inaccessible structure condition There exists a (P, G) local martingale Y'" 

of compensated sum of jumps such that [Y"',Mff-P exists; the jumps of Y'" are all 
(P, F) totally inaccessible ; AY" < 1 ; and, on the time horizon [0, T], 

[Y"', Mf^f-P = [D, Mff-P + "^(^ . [N, Mff-P (4) 
We recall that Assumptions 13. l l and 13.21 are in force. 

Lemma 3.3 The structure condition ^ implies the condition 

Proof. The lemma follows from the observation that there exists a F-predictable real process 
K such that 

Mf" = K.Mi and Mf" = K . M„ 1 < z < k ■ 

Lemma 3.4 The structure conditions ^ and ^ and ^ imply the structure condition (Qp. 

Proof. Let Y', Y", Y"' be respectively the solutions of the structure conditions ([2]) and (]3]) and 
(HI). There exist strong orthogonalities between Y' , Y", Y"' and M", M'^'^, M'^^ : 

[Y' + Y" + Y"', M^ + M^^ + M^^ = [F', M^] + [Y", M^"] + [Y"' , M^^ 

With these orthogonalities, we check immediately that Y' +Y" +Y"' is a solution of the structure 
condition ([1]). ■ 



Theorem 3.5 We denote by pj^ . and p^ . M'^ the (P, F) orthogonal projection of and 
respectively of N'^ on the stable space generated by the (P, F) local martingales Mf, 1 < i < k, 
where pjj is a vector valued process in L(F,¥, M'^) and pj^ is a matrix valued process whose 

line vectors are in L(P, F, M'^) . Then, the structure condition ^ is satisfied, if and only if 

. — y 

'^'ip{.[N'^, ~^N'^])if is a finite process. In this case, Y' = (p^, + '^'^pPn) • M'^ satisfies the structure 
condition 
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Proof. For the existence of and p^, see Theoreme (4.35) and comment on Proposition (4.26) 
in [121. 



Let us consider the following equation on [0,T] : 

for a G predictable process K. We note that, on [0,T], 

The equation becomes 

The solution of this equation can only be 

K = Pd + ^Wn, d[M^ ^M-f-P - a.s.. 

on [o,r]. 

Now, if the structure condition ([2]) holds, by orthogonal projection, we can replace Y' in equation 
([2]) by a local martingale of the form I^.M" with 'K E L(P, G^M" ). We see that this W has 

- — T 

to be a solution of the above equation. Consequently, + ~^Tppj^ = K E L(P, G, ). This is 
equivalent to say that ^^(.[A^'^, ^N^])Tp is a finite process. 

On the other hand, if pj^ + ~^Tppj^ e L(P, G, ), the local martingale Y' = (p^ + '^Tppj^) . M'^ 
will satisfy the structure condition ([2]). The theorem is proved. ■ 



4 Structure conditions ([3]) and (Hj) under the martingale 
representation property 

For the question when a structure condition holds. Theorem 13.51 gives a complete answer in the 
case of structure conditions (|2]) with a simple proof thanks to the continuity. In the contrast, the 
jumping nature of the conditions ([3]) and (j4]) makes the question more cumbersome, notably 
because of the difference between the G predictable bracket and the F predictable bracket 
[M, '^Mf-P and [M, ^Mf-P. 

In this section, using the martingale representation property, we rewrite the structure conditions 
(Bl) and (HI) in a different form which will be used later to find their solutions. 



4.1 Computing predictable dual projections in G 

We recall Assumptions 13.11 and 13.21 being in force. As a consequence, we have immediately the 
following lemma. 



Lemma 4.1 For any ¥ adapted cddldg process A with (P, F) locally integrable variation, we 
have 

on [0,T]. In particular, for R a¥ stopping time either (P, F) predictable or (P, F) totally inac- 
cessible, for ^ e L^(P, J^ij), 

mR,oo)f-' = (a[«,oo))"-^ + ^(^. (A«iva[ij,oo))^-^ 

on [0,T]. 



4.2 OJlrp assumption 

We suppose from now on another assumption. 
Assumption 4.1 

1. M = S"^, D and N are (P, F) locally square integrable local martingales. 

2. 9Jtrp(P, F, W) where W is a d-dimensional (F, F) locally square integrable local martingale. 

T 

Let K he a. (i- dimensional vector valued G predictable process in L^(P, G, VF"'" ) (resp. in 

T 

L^(P,G, W"^* )). We will say that K solves the equation ([3]), (resp. the equation ^) iiY = 
K . W^"- (resp. Y = K . W'^'^ ) satisfies the equation ([3]) (resp. the equation (jl])) 

Under Assumption l4.lt any (P, F) local martingale X is of the form ~^.W, where k G L(P, F, W). 
We call the process k the coefficient of X in its martingale representation with respect to the 
driving process W. This appellation extends naturally to vector valued local martingales. There 
exists in general no uniqueness for the coefficients. 

Let be respectively the coefficients of M, of D and of N, the k x d dimensional matrix valued 
process m, the d-dimensional vector valued process d, and the n x rf-dimensional matrix valued 
process C- 

Remark 4.1 A OJlrp condition is a fairly strong condition. However, the basic idea of this 
paper is to investigate the impact with which new information can affect an existing good 
market. 9Jlrp is a reasonable condition on a good market. I 



4.3 Equation ([3]) detailed through 9Jtrp 

We are going to transcribe the equations (E]) and in term of the coefficients m, d and C^. We 
define a d x d x d dimensional F-predictable process 7c by the following relation through the 
OJtrp property : 

d 

e=l 
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i.e. for 1 < a,b < d, the vector valued process Ka,b,- is the coefficient of [W^", W^*^"] — [W^", W^'^"]'^ ^ 
with respect to W. Note that necessarily 

Let a be the matrix valued process defined by aj^i = \Wf°', Wf^Y~^-> ^ ^ ^ d- We have 
obviously Kh,a,e = 'i^a,h,e and ab,a = aa,b, but also 

Ed — — 
e=l ^a,b,e ■ (^e,c Z_/e=l ^c,a,e ■ '^e,b 

Let f = ~^Tp i.e., the d-dimensional vector valued process whose e^^ component is given by 
'^b=i'^bCb e- Let ce denote the d x d dimensional matrix valued process whose element at row 
j and at column e is given by 

n d d 
a=l 6=1 6=1 

Let 3d denote the d x d-dimensional identity matrix. 



Lemma 4.2 Let K G L^(P, G, W^" ). Then, K solves the equation l^j if and only if 

^{3d + ce- Aafl) (.a)^m = + T)(.a)^m 

on the time horizon [0,T]. 

Proof. With the new notations, K solves the equation ([3]) if and only if, on [0,T], 

On the time horizon [0, T], for 1 < j,i < d, 

For the part concerning F, we have 

[T{Wf'^),T{Wf^)f~P = E,<. ^^.A,[iV, W^f-P^i^As[N, Wf^f-P = {{Aafl) . a) .^^ 
Applying Lemma [4.11 we compute also 

[Wf" , Wf^f-P = [Wf" , Wf^f-P + F ( [Wf" , Wf"] - [Wf" , Wf^'f-P) = ( ( Jrf + ce) . a)-^ 
Putting these together we write on [0, T] : 

This proves the lemma. ■ 
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4.4 Equation (Hj) detailed through dJtrp 



We define • by 

d 
e=l 

i.e. for 1 < a, 6 < d, tlie vector valued process . is tlie coefficient of [W^\ W^^] — [W^", Wft^"]''^"^' 
witli respect to W. Note tliat necessarily 

Let 6 be the matrix valued process defined by bj^i = [W^'^,Wf'^Y~^,l < j,i < d. We have 

Qb,a,e = Qa,b,ey ^b,a = Km, and 

Let ci denote the d x d dimensional matrix valued process whose element at row j and at column 
e is given by 

n d d 

X] X] '^aCa,bQb,j,e = ^1 ^'>^b,j,e 
a=l 6=1 b=l 

T 

Lemma 4.3 Let K E L^(P, G, VF*^* ). Then, K solves the equation Q), if and only if 

^ {3d + a) {.bym ={Jd + 1){.bym 

on the time horizon [0,T] 

Proof. K solves the equation (jl]) if and only if, on [0, T], 

We compute now \W'^\^W'^^^-p on [0,r]. Note that T{W'^') is continuous on [0,r]. For 1 < 
i,j < d, using Lemma [4. II we obtain : 

[w^^j,wf'f-p = [wf,wff-p 

= [Wf, Wff-P + T{[Wf\ Wf] - [Wf, Wff-P) 
= (prf + d).6)^.. I 



4.5 The main theorem 

In the remainder part of this section we will consider two other equations a little bit stronger 

T 

than the equations ([3]) and (i]) : For a K G L^(P, G, W^' ), 

^ {3d + a) (.fe) = Cd+l) (.b) on [0, T] (6) 
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For a K el^{F,G, W^" 



^{3d + ce- Aafl) (.a) = Cd+l) (.a) on [0, T] 



(7) 



Remark 4.2 We note that these equations and ([7]) are not intrinsic versions of the equa- 
tions dl]) and (|3]), because they are introduced through the driving process of a OJtrp property. 
We note nevertheless that the equation ([6]) and ([7j) give sufficient conditions to solve the equa- 
tions dl]) and ([3]), and we have the freedom to choose suitable driving process W to do the 
computations. ■ 



Regarding on the equation ([6]) and (JTj), we would attempt to resolve them by assuming that the 
matrix valued processes (Jd + ci) or (jj. + ce — AaJ^) are invertible with bounded inverses. 
But these conditions are too strong. In fact, we have a more realistic result. 



Assumption 4.2 

. For any ¥ predictable stopping time R, for any positive random variable ^ G J^r, we have 
{E[C\gR^] = 0,R<T} = {E[^\J^R^] = 0,R<T}. 

. There exists a strictly positive G predictable process u such that 1 + '^TpAN > u on [0,T]. 



Theorem 4.4 Suppose Assumptions \3. 1 \ \3. ^ and \4.1\ Suppose Assumption \4.^ with the process 
u. Suppose that the increasing processes 

^.[D^,D^] and ^'^^{.[N'^JN'^])^ 

are (P, G) locally integrable. Then, the equation ^ and the equation ([^j, as well as the equations 
and have solutions. 



Applying Lemma 13.41 we can now state 



Corollary 4.5 Under the assumptions in Theorem \4.4l if~^'^i-[N'^, ~''N'^])Tp defines a finite pro- 
cess, if the increasing process ^ . [D'^, D'^] and ^~^'if{.[N'^, '^N'^])Tp are (P, G) locally integrable, the 
structure condition (Op holds in the expanded market (P, G, S) . 



The proof of Theorem 14.41 is developed in the section below. 



5 The proof of the main theorem 

Assumptions 13. ![ 13.21 and 14.11 are in force in this section. 
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5.1 Conditional multiplicity 



When we try to solve the equations (jS]) and ([7]), because of their jumping nature, we need to 
compute finely the conditional expectations E[-|^/j_] for a F stopping time R (see subsection 
I5.5p . These computations will be achieved through the notion of the conditional multiplicity, 
introduced in [3l section 3], which quantifies the randomness of J^r when J^ji_ is given. 

Lemma 5.1 Let R be a¥ stopping time. Consider the random variables in J^r- as constants. 
If R is predictable, the family of random variables ArW^^ ^ ^ b < d, generates on {R < oo} 
(modulo J^R-) all integrable random variables ^ in Tr whose conditional expectation K[^\J^r^] = 

0. If R is totally inaccessible, the family of ArW},, 1 < b < d generates on {R < oo} (modulo 
J^R^) all integrable random variables ^ in J^r. 

Proof. For any integrable ^ G Tr, the process ^1[_r,oo) ~ (^1[_r,oo))'^~^ is a martingale. By OJtrp, 
there exist F-predictable process h such that (^1[t,oo) — (^l[r,oo))'^~^ = • W. Therefore, 

d 

C = Y,(hR)eARW, + A^(e]l[K,oo))^-^ 
e=l 

on {R < oo}. If R is predictable and E[^| J-"^.] = 0, {^^[r,od))^~^ = 0. If i? is totally inaccessible, 
^r{^^[r,oo)Y~^ = 0. The lemma is proved. ■ 

Lemma 5.2 If R is¥ predictable, there exists a partition {Aq, Ai, A2, . . . , A^) (where some Ai 
may be empty) such that 

Tr = Tr^ V a{Ao, Ai,A2,..., Ad) 

1. e. the conditional multiplicity of Tr with respect to J^r- is equal or smaller then d+1. If R 
is (P, F) totally inaccessible, there exists a partition {Bi, B2, . . . , Bd) (where some Bj may be 
empty) such that 

TR = TR-ya{Bi,B2,...,Bd) 
i.e. the conditional multiplicity of Tr with respect to J^r^ is equal or smaller then d. 

Proof. Consider the case of a predictable R. Because of Lemma 15. ![ we can apply Proposition 
12 in [3] to have a partition {A'q, A'-^^ A2, . . . , A'^) of {R < 00} such that 

{R < 00} n J^R = {R< 00} n (J^R^ V a{Ao, A, A2,..., Ad)). 

Since {R = 00} (ITr = {R = 00} fl the lemma is verified, if we take A^ = A[ for < i < d 
and Ad = A'^ U{R = 00}. 

The case of a totally inaccessible R can be dealt with similarly. ■ 
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5.2 Martingales with single jump at a F stopping time 



In this subsection we look at the martingales in the two filtrations, which are the compensated 
jumps at a F stopping time. 

Consider any F stopping time R. For any real valued ^ G L^(P, J-/;), let Ij^^ denote any co- 
efficient of the (P, F) martingale ^l[_R,tx)) — i^^[R,oo)Y~^ in its martingale representation with 
respect to W. (The operation | can be seen as a map whose value is some equivalent class.) 



Lemma 5.3 Let R be any F stopping time either predictable or totally inaccessible. Let ^ E 
L^(P, If R is predictable, we have 

If R is totally inaccessible, we have 

\tj,OR^RW = e 

For F stopping time S, we have 

\tROs^sW = 0, on{S^R}. 

For any F predictable precesses H in L(P, F, ^l[j:j^oo) ~ (^1[_r,oo))'^~^); is in the same 

equivalence class of \^{Hfi^) in L(P, F, IV). For any 1 < n < N* and 1 < n' < N", for any 
eeLi(P,J-5j andf eLi(P,J-T„,), 



Proof. This lemma is a direct consequence of the properties of stochastic integrals. Let us look 
at only the first assertions. If R is predictable, (C]1[r,oo))'^~^ = ^o)- If R is totally 

inaccessible, (^1[_r,oo))'^~^ is continuous. Computing the jump at R and at S in the equation 

a[ij,oo)-(a[i?,oo)f~" = l«e.w^ 

we prove the first assertions. ■ 

For ^ a real valued Gb- measurable random variable, we denote by the equivalent class 

of G predictable processes such that = C (We use the same notation to denote also a 

particular member in the equivalent class) The definition of is naturally extended to 

vector valued Gr^ measurable random variables C,- Substituting the filtration, we define also 

.^.F-_R ]p stopping times R and C, G J^r~- The following lemma gives a uniqueness property 

of the process 



Lemma 5.4 For any G stopping time R, for any G predictable process H , \II\ . (]1[r,oo))^~^ = 
{\H f>\l.[R^oo))'^~^ = if o-nd only if H n = on {R < oo}. The same is true, if the filtration G 
is replaced by F. 



We consider now the compensated jump in G. 
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Lemma 5.5 For any F stopping time R, for random variables ^ G J^r and ^' G Qr- such that 
^ e G Li(P), we have, on [0,T], 



Proof. We need only to note that, by Lemma [4.11 on [0, T], 



5.3 Equations at the stopping times Sn or T^' 

Before solving the equations (|6]) and ([7]) we note that these equations impose a strict relationship 
between the jumps in the two filtrations F and G. 

Let {Sn)i<n<N^ (N* < oo) (resp. (T„)i<„<Ma) be a sequence of (P, F) totally inaccessible (resp. 
strictly positive (P, F) predictable) stopping times such that [Sn] H [Sn'] = for n 7^ n' and 
{s > : AsW^' ^ 0} C Un>i[Sn] (resp. [T„] n [T„/] = forn ^ n' and {s > : A^W'^'' ^ 0} C 
U„>i[T„]). 

Consider firstly the case of the predictable stopping times T„. 

Lemma 5.6 On {r„ ^T,Tn < 00}, we have 

E[AT„W^AT„W\gT„^] = (a, + ce - Aafl)^^ Ar^a 

In particular, (3d + ce — Aaf^) Aa is symmetric. If K satisfies the equation then, for every 
1 < n < N", Kt„ satisfies the equation 

(3, + ce - Aaf^^^ Ar^a = + Ar„a 

or equivalently 

^T^nAT^W^ATj^\gT^_] = C~d + l)Tj^[AT,^W^AT^W\:FT,A 

on {Tn < T,Tn < 00}. 

Proof. The first assertion is a direct consequence of the formula ([5]). To prove the other asser- 
tion, we need only to compute the jump at in the equation ([7]). ■ 

Consider now the case of the totally inaccessible stopping times Sn- We introduce the notion 
gs„ to design the d x d matrix valued random variable whose coefficients are defined by 

{gsjj, = E[As,,WjAs,M\J's„~], 1 < hJ < d. 
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Lemma 5.7 If K satisfies the equation it satisfies also, at every 5'„, 1 < n < N*, 

^p, + d).(^?s„l[5„,oo)f-^= (^+^).(^5„l[S„,oo)f-^ on [0,r] 

Proof. For 1 < h < d, integrating {^g^As„Wh) into the two side of the equation ([6]) we obtain 
on [0,T]. The lemma follows, because 



Lemma 5.8 Let 1 < n < N' . Let r„ denote a vector valued process in :E[A5'^A^|J-5'„_]:'^ . 
Then, 

(]l[5„,oo)f-^=(l + >„).(l[5„,oo)f-^ 

on [0,T]. Consequently, {'ii.[s„,oo))'^~^ is continuous (i.e. Sn is (P, G) totally inaccessible), and 
1 + TpTn > on [0,T] almost surely under the random measure d(II[s„,oo))'^~^- In particular, for 

any ^ G J^s^-, C i^i^"^" on [0,T]. 

Proof. The first assertion is the consequence of the following computations from Lemma 14.11 
on [0,r] : 

= (l[5„,oo))'^-^ + ^Tps„{As„Nl^s.,oo)r-' 
= (1 + V.).(l[5„,oo)f-^I 

Since (l[5„.oo))'^~^ and (l[5„,oo))'^~^ are increasing, we get the second assertion. The other as- 
sertions of the lemma are obvious.! 

Combining the preceding lemmas, we obtain the equations at the stopping times Sn '■ 

Corollary 5.9 Let 1 < n < H\ If K satisfies the equation then Ks„ satisfies the equation 
^Sni^d + c\)s„gsn = Cd + ^)s„9s„ on {Sn <T,Sn< oo} 



Proof. According to Lemma [5. 7[ we have on [0,r] 

(1 + + d) . (^5„l[5„,oo))^-^ = (1 + >rn)(^ + ^) . i9S,JlS„,oo) 

Using Lemma 15. 8^ we compute on [0 , T] , 

,oo) 



1 + + Ci) . {9sl[S„,oo)r-^ = C^sA^d + Ci)5„^/5„l[5„,c ^^^"^ 



and 

(1 + V„)(^+^).(<75„l[5„,oo))"-^ = {Cd + ^)s.9S.hs.,oo)r-^ 

Comparing these two identities, applying Lemma 15.41 we prove the lemma. ■ 

We can express the equation at Sn in term of conditional expectations. We begin with the 
following lemma that can be proved with a direct computation. 
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Lemma 5.10 We have 

n 
k=l 

Lemma 5.11 Let 1 < n < N*. Let r„ be the vector valued process introduced in Lemma \5.8\ . 
We have 

(1 + ^TpsRn)ms^W^Asr.W\gs^^] = (3, + d)s^gs^ 

on {Sn < T,Sn < oo}, with Rn = (r„)5„ = E[As„ Nil's,,-]- In particular, (J^ + c\)s„gsr, is a 
symmetric matrix there. 

Proof. Applying Lemmas 14. ![ 15.10] and we compute on [0,T] 

= (1 + >„) . {{As^W^As^Wl^s^^oo))^"" + ELi^fc ■ {As^N,As^W^As„Wl[s„,oo)r-') 
This computation together with Lemma [5.41 prove the resuh.l 

Corollary 5.12 Let 1 < n < N*. The equation in Corollary {57^ have an expression in term of 
conditional expectations : 

on {Sn <: T, Sn < Oo} 



5.4 Constructions of solutions 

Now a natural idea to solve the equations ([6]) and ([7]) is to solve firstly the equations in Lemma 
15.61 and in Corollary 15.91 at T„/ and at Sn, and then to integrate the individual solutions with 
each other to form a global solution. 

We need some algebraic properties. 

Lemma 5.13 Let G and J he two d x d matrix such that G and GJ are symmetric and are 
positive semidefinite. We consider G , J as linear operators on Mf^. We identify the matrix G with 
the map v — )■ Gv, v G W^. Same for J. Let V be the image space of G. Recall that (lv\v)), v G M.'^, 
denotes the inner product in M.'^. Then, 

. If G is not trivial, G as a linear map is invertible on V 

. is symmetric with respect to the quadratic form ([v\Gv)),v G Mf^. 
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. If G is not trivial, if there exists a e > such that {{v\GJv)) > e{{v\Gv)) j'iv G M*^, then, 
J is an invertible operator on V. Let J* denote its inverse on Y, we have 

{{J*v\GJ*vy/^ < -{{v\Gvf/^,yv e M'^ 
e 

When G and J are measurable functions on some space, J* is also a measurable function. 

. Let pg be the orthogonal projection onto Y ( orthogonality with respect to the inner product 
((■|-)) in M.'^). We have Gpcf = Gv, v G M'^. If G is a measurable function on some space, 
P(5 is also a measurable function. 

The following lemma constructs a solution to the equation ([7]). 

Lemma 5.14 Suppose that, for any 1 < n < N", there exists a strictly positive random variable 
x„ such that 

{{v\{AT„ay{3d + ce - Aall)T„v)) > x„ {{v\{AT„a)v)) , = {vh)i<h<d G K'^ (8) 
on {Tn < T, Tn < oo}. Let 

in = l{T„<T,T„<oo}l{AT„a^O} + Ce - Aaf^)rJ * PAT„a(rf + ^)r„ 

which is a d-dimensional vector valued Gt„~ measurable random variable. Suppose that the 
increasing process X]i<n<N° (^^"^Tn^)^l[T„,oo) is (P, G) locally integrable. Then, the series K = 

Yli<n<N'^ in^lTn] convcrgcs in the space \J{¥,G,W'^°- ) and the equation ^ is solved by K. 

Proof. The random variables ^„ are well defined according to Lemma 15.131 To see the conver- 
gence of the series K, let (Rm) be an increasing sequence of G stopping times such that 
sup„i?„ = T and, for every n > 1, the random variable '^i<n<N'^Cin^T„Wyi{T„<R^} is P 
integrable. We have the following inequalities 

^(E.<n<, in 1 [T„] ) {.[WjW] ) (E.<„<, en 1 [T„] 
= [C{t.<n<j inhu) . W, (^(E.<n<, enl[T.]) ■ W]ji^ 
= Y.i<n<jCinAT„Wyi{T„<Rm} 

The last term converges in L^(P) to zero when i,j '\ oo, which proves the convergence of K. 
To check that K solves the equation (JTj), we note that satisfies the equations : 

+ ce - Aafl)T,AT^a = + A^^^a 
on {T„ < T, T„ < oo}, and consequently, on [0, T] 

^.(arf + ce-Aaf^).a = ^i<„<^„T^„pd + ce-Aaf^)T„AT„a = Cd + l).at 

We construct now a solution to the equation ([6]). We recall the decompositions of the jumping 
parts of W (see [8]). 
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Lemma 5.15 The jumping part of the driving process W is given by 
where the series converge in nlc{¥, F) . Consequently, 

Lemma 5.16 Suppose that, for 1 < n < N*, there exists a strictly positive random variable Qn 
such that 

{v\gsj{'3d + c\)s^v) > Qn {v\gs„v), = {vh)i<h<d G (9) 
on {Sn <: T, Sn < oo} . Lct 

= l{5n<r,S„<oo}l{gs„^0} (^(^d + ci)sj * Pgs„ + f )s„ 

which is a d-dimensional vector valued G^^- measurable random variable. Suppose that the 
increasing process 'Ylii<n<u^(^^n^sJ^Y^[Sn,oo) is (P, G) locally integrable. Define \g^As„W to 
be the matrix valued process whose h-line vector is given by '^^g^As^Wh- Define Kn to be the 
vector valued process 

for 1 < h < d. Then, the series K = J2i<n<N^ converges in the space L^(P, F, VF'^* ) and 
the equation ^ is solved by K . 

Proof. The random variables ^„ are well defined according to Lemma 15.131 From Lemma 15.51 
and 15. 3[ we can write on [0 , T] 

,oo)j 



It follows that, for 1 <m <m' : 

The assumption of the lemma implies then the convergence of K. It is to note then 



l<n.<N' l<n<N* 
/2 



on [0,T], where the series converges in '^^^^(P, G). 

Now to see that K solves the equation ([6]), we note that ^^ni'^d + ^^)sn9Sn = (^ + ''f)5„9's„5 or, 
according to Lemma 15.11^ 

(1 + ^^s,S)'inmSr.W^^Sr.W\gSr.-] = ^.i^^ d + O ) 5„ = Cd + '^)S,.9S. 

Applying then Lemma 231 Lemma 15^ and Lemma [5. 191 (by anticipation) we compute on [0,T] 

= El<n<wC^nAs^W^As^Wl[S.,oo)f-' 

= El<n<N' {l+TTpr„)Cd + ^) ■ (^5„l[S„,oo))^"^ 
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5.5 Conditional expectations at the jumping times 



In this subsection, applying the notion of conditional multiplicity (see subsection I5.ip . we 
compute finely the conditional expectations at Sn or at T„/. The results of this subsection 
will be crucial to make use of Lemma 15.141 and 15.161 



Lemma 5.17 For a fixed 1 < n < N", let {Aq, Ai,A2, . . . , Ad) be a partition which satisfies the 
relation = -^t„- V cr{Ao, Ai, A2, . . . , Ad). Denote pk = P[v4a;|-^t„-], < k < d. 

. For any finite random variable ^ G J^t„, the conditional expectation E[^|J^t„-] is well- 
defined. Let 

a(Ofc = lfe>o}-E[lA,el-^T„-], < A; < d. 
Pk 

We have ^ = Yl'h=o '^(O A^, ■ can consider ^ as a random function define on the 
measurable space {0, 1,2, ... ,d} (the value of C, at point k being a{^)k). 

. Denote n- dimensional vector valued random variable = a{AT^N)k, < k < d. We have 
(1 + ~^'ifTn''^k)Pk = ^[^Ak\GTn-] > for < k < d, on {Tn < T,Tn < 00}. This means 
that, if xt„ denotes the random variable defined by xt„ = Ylt=o ^^a^ ^ {Oi 1) 2, . . . , d}, 
the conditional law of xt„ on {Tn <i T,Tn < 00} given Qt^- absolutely continuous 
with respect to the conditional law of XTn given J^t„- with a (random) density function 

ELo(1 + VT„'^fc)l{fc} 
We have the identity : 

E[((t;|Ar„T^ri^T„»] = 5^(1 + Ot„"^)K (iivM - 5^(1 + C^T„n,))iiv\w,))p)j 

h=0 \ k=0 / 

for V G Wk = a{AT„W)k, < k < d, on {r„ < T, r„ < 00}. 



Proof. The first assertion of the lemma is the consequence of the relation = J^t„- V 
a{AQ, Ai, A2, . . . , Ad). The second assertion follows from a direct computation using Lemma 

El 

The probability density property of (1 + "'^^.^ 71,^)1 is the consequence of the second assertion 
and of the vanishing identity Ylk=o~^'^T„''^kPk = 0, because is a (P, F) local martingale. As 
for the last assertion, we recall the formula in Lemma 15.61 and, for 1 < j,i < d, 

Etl(^Tj,,eE[A^„H^eAT„H/.|^T„-] = ^^T.mT^NAT^W,AT^W,\TT^.] 
Now we compute on {T„ < T, T„ < 00} for t; G M'^ 

E[CvAT^W)'\gT^.] 
= (iv\{Jd + ce-Aal~l)T„{^T,.a)v)) 

= E[{{v\At^W))'\Tt„^] + ^^tE[At„N{{v\At„W))'\Tt.^] - (^^^, E[AT„iV^|AT„W^))| 
= 'Z'i=oiv\wh))^Ph + >r„ ELo M{v\wh))'^Ph - (Vt„ ELo M{v\wh))Ph 
= ELo(1 + C^T„nh))Ph ({{{v\wh)) - (ELo(1 + C^T„rik)){{v\wk))pk) 
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Corollary 5.18 Let 1 < n < N°. We use the same notations as in the preceding lemma. If K 
satisfies the equation then, for < k < d, 

(l^Tr^iWk - ^T„aT) - 1)(1 + ^^T„^k)Pk = (4 - l)Pfe < 

on {Tn < T,Tn < oo}, and ^^Tni^k — ^T„af) < 1, (1 + '^'^T^'^k) > if and only if pk > 0. 

Proof. According to Lemma [5.6[ we can write on {T„ <T,Tn < oo} : 

on {Tn < T,Tn < oo}. Applying Lemma [5.31 and Lemma [5. 5^ we write 

But _ 

At^WIa, = iwk-AT„al)lA, 

and 

Cd + l)T,AT„WlA, = At^DIa, + ^Tp^^T^NlA, = (4 + ^^T^nk)lA, 

where 4 = a{A'r,^D)k. It follows that 

^rA^k - AT^am[\A,\QT,A = {dk + >r„n,)E[lAjJ-T„-] 

or equivalently 

(JErS'^k - AT„af) - + ^^T^nk))pk = {dk - l)pk 
Note that, by Assumption 13.11 At^D — 1 < which yields [dk — l)pfc < 0. Note equally that 

= ]l{,,_i=o}(4 - 1)1^ = lK-i=o}(AT„iV - 1)1^,. 

This means that l.{dh-i=o}^Ah = 0- Taking conditional expectation with respect to J-'t„- we 
have also l{d^_i=o}P/i = 0, i.e., on {ph > 0}, 4 — 1 < 0. This observation achieves the proof of 
the lemma. ■ 

Remark 5.1 The above lemma shows that, when the equation has a solution, the first 
condition in Assumption 14.21 is necessary at least for R G {Sm : 1 < m < N*} U {T„ : 1 < n < 

Lemma 5.19 For a fixed 1 < n < N*, let {Bi, B2, B^, . . . , Bd) be a partition which satisfies the 
relation J^Sn — -^Sn- V cr(i?i, i?2, . . . , -Bd). Denote qk = F[Bk\J^Sn-]^ 1 < k < d. Let r„ be the 
vector valued process introduced in Lemma \5.8\ . 

. For any finite random variable ^ G J^Sn! conditional expectation K[^\J^Sn~] ^■^ well- 
defined. Let 

KOk = l{,,>o}-E[lB,el-^5„-], l<k<d. 

qk 

We have ^ = Yl'h=iKOh^Bh- consider ^ as a random function define on the 

measurable space {1, 2, . . . ,d} (the value of ^ at point k being i{Ok)- 

. Denote n-dimensional vector valued random variable Uk = i{As^N)k, 1 < k < d. We have 
(1 + ^Tps„nk)qk = (1 + V5„Rn)E[lBje?5„-] > for 1 < k < d, on {Sn <T,Sn< 00}. 
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We have 

d 

(1 + >5„R„)E[((t;|As„iyF|^5„-] = 5^(1 + {^snhmv\w^,)fqn 

h=0 

for V G Wk = i(A5„M^)A:, I < k < d, on {Sn < T, Sn < 00} . 

We have (1 + ^^^.^R^) > almost surely on {Sn ^ T, Sn < 00}, and (1 + ^'^Sn^k)Qk > 
if and only if qi^ > 0. 

■ IfXSn denotes the random variable defined by xs„ = Sfc=i kTi-Bk ^ {1)2,..., d}, the condi- 
tional law ofxSn on {Sn "^T, Sn < 00} given Qsn- ^■^ absolutely continuous with respect to 

the conditional law ofxs„ given J^s„- with a (random) density function Ylk=i |^t^^"r* l{fc} 

Proof. The proof of the first assertion is straightforward. To prove the second assertion, it is 
enough to notice that, in the same way as in Lemma fS.llt for any 1 < k < d, 

((1 + "^^5„R„)1b,1[5„,oo))^-^ = ((1 + V5„"/^0?a[5„,oo))^-^ 

on [0, T]. To prove the third assertion, we note firstly the equahty 

{{v\ds„gs.v)) = ^Tp.EiAs^NiivlAs^^WriJ's^^], v E R', 
consequence of Lemma [5. 101 Applying then Lemma [5. Ill we write, on {Sn < T, Sn < 00}, 

ii+^iPsRnmiv\As^wr\gs„.] 

= E[(iv\As„Wr\J^s„-] + ^^5„E[A5„iV((^|A5„Wr I 
Consider (1 + ^^5^R„). We compute on [0, T] 

(l{l+T^,„K„=0}l[5„,oo))^-^ = l{i+T^,„=o}(l + >r„) . (l[5„,oo))"-^ = 

This yields Eflji+x^g R^^=o}l{5n<T,s„<oo}] = 0, proving the fourth assertion. The last assertion 
follows from the preceding ones. ■ 

Corollary 5.20 Let R be a ¥ stopping time. Suppose that R is either predictable or totally 
inaccessible. Then, 1 + ~^Tp^A{iN > 0. 

Proof. We consider only the case where R is predictable. We can suppose without loss of 
generality that R is one of the T„, 1 < n < N". We compute for < A; < li : 

< E[1{i+t^^„^<o}1aJ^t„-] = l{i+T^^„,<o}(l + '^VRnk)Pk < 
It follows that l|i_|.T;^^^^^<o}]lAfc = for < A; < d, i.e. 1 + ~^Tp^AjiN > 0. ■ 
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5.6 Consequences of Assumption 



an 



Lemma 5.21 Under Assumption\4.^ the inequalities ^ and ^ are satisfied. 



Proof. Let u be the process introduced in Assumption 14.21 Let 1 < n < N°, 1 < m < N*. We 
use the notation introduced in Lemma [5. 171 and Lemma [5.191 representing the values of AA^ 
at Tn or at Sm- Assumption 14.21 imphes 

(1 + ~^'ipT^nk)lAk > UT„lyifc, < k < d, on {T„ < T,Tn < oo} 
(1 + '^Tps^nj)lBj > us,„1b,, l<J<d, on {Sm. <T,Sm< oo}. 

Taking the conditional expectations E[-|^x;^_] or E[-|^5,^_] on the sets {T„ < T,Tn < oo} or 
respectively {Sm < T, Sm < oo}, we obtain 

Assumption 14.21 ensures {(1 + '^'^Tn'^^kjPk = 0} = {pk = 0}, whilst Lemma [5.191 implies {(1 + 
^Tpg^nj)qj = 0} = {qj = 0}. The above inequalities become 

(1 + ^VT„1T-k)Pk > UT^Pk 

Under the same condition, for a v G M'^, according to Lemma [5.61 and [5 . 1 7[ 

{{v\{AT„an3, + ce-Aafl)T„v)) 

= ELo(1 + C'fTnnh))Ph (^iv\Wh)) - ELo(1 + C'fT,nk))(iv\Wk))pk^ 

> UTA'"\{AT^a))v) 
proving the inequality ([8]), and by Lemma [5.111 and 15.191 

iv\gsJ{^d + o)s„v)) = + ^Vs^iT'h){iv\whTqh > usM9s„v)) 

proving the inequahty Qj. ■ 



Lemma 5.22 Suppose Assumption\4.S\ Let 



= l{S„<T,5„<oo}l{3s„^0} ^i^d + ci)5„) Pgs„ + f)s„ 
C = l{T„<T,T„<oo}l{AT„a^O} {\^d + Ce - AaLT)^^) * PAT„a(c? + f)T„ 

as in Lemma lS . 1 6\f or respectively in Lemma \5.14\ Then, for any finite G stopping time R <T, 

nEl<n<M^C^nAs„Wn^S„<R}] < + ^){.b)(d_+ 1) n] 

EEi<.<N4^CAT.l^)^l{T„<ii}]<E[i"^(ci + ^)(.a)(c/+^)«] 

Proof. Note firstly that, by Lemma [5.211 and are well-defined. By Lemma [5.151 
^(d + ^){.b)(d_+ 1) > Ei<„<N>(l+ ^)(- {9s.Hs„,^)f~')(d + ^) 

\d + l){.a){d+^f) > El<n<MM+^)T„{^T„a){d + '^f)T„llT„,oo) 
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With this in mind, we see that the lemma is proved, once we prove the individual inequalities 
at Sn or at T„/. 

According to Lemma 15. 21^ Assumption 14.21 implies the inequalities and ([H]) with x„ = Ut„ 
and Qn = us„- In Lemma [5. 2H we proved (1 + ^Tpg^nj)qj > Us„qj, ^ < j < d on {Sm < T, Sm < 
oo}. Summing up these inequalities over 1 < j < d, we prove 1 + ^^R„ > Us„- Applying Lemma 
I5.11l and Lemma [5. 131 we obtain, on {Sm < T, Sm < oo} : 

{l + ^^sMnC^nAs^WriGs^^] < -L.(i(d + f)sj9sM + f)sJ 

Therefore, by Lemma [5.19[ 

< E[ (i+i4r„) ^Ud + f)sj9sAd + f)sjn{s.<R}] 

= E[icd+i)Ugs^i [5„,oo) r-n{d+f)R] 

This proves the first inequality. The second inequality can be proved in the same way. I 



5.7 Proof of the main theorem 



Suppose Assumptions 13. ll 13.21 and 14.11 Suppose Assumption 14.21 with the process u. Suppose 
that the processes ^ . [D'^,D'^] and ^^^(.[A^'^, "'"A^''])^ are (P, G) locally integrable. According 
to Lemma 15. 2H the inequalities ([9]) and ([8]) are satisfied. According to Lemma I5.22[ we have 
the following estimations on the random variables ^„ and as defined in Lemma 15.161 and 
respectively in Lemma 15.141 : 

nEi<n<N^CinAs^Wn{s.<ny] < E[^^^(d_+ ^){.b)(d_+ ^)n] 
EEi<„<N4XAT„W^)^l{T„<ii}] < E[^Jid + l){.a){d+^)n] 

where R is any finite G stopping time inferior or equal to T. We note that 

In the same way we obtain 

^jE[^-^(d+l){.a)(d + l)n] < yE[^.[D^D'^]^-T + yE[^T^(.[A^TiV'^])^^] 
It follows that the increasing processes 

l<r!,<N» l<n<N'' 

are (P, G) locally integrable. Lemma 15 . 141 and 15.161 are valid. Let K and k' be the G predictable 
processes defined in Lemma [5 . 1 6 1 and respectively in Lemma [5. 141 Then, K solves the equation 
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([n]), whilst K solves the equation ([7]). Now in order to solve the structure condition (jl]) and 
(E]), we need only to show that I^AW^^ < 1 and 1{'AW'^'' < 1. 

We will consider only the first inequality. The second one can be dealt with similarly. By Lemma 

EM 

l<n<N' 

on [0,r]. By Lemma Ell (^nA5„iyi[5„,oo))^"^) is continuous. To show ^AW^' < 1, it is 
enough to show ^^A^^PF < 1 for any 1 < n < N*. In the proof of Lemma [5. 16^ we obtained 

on {Sn <T,Sn< oo}. Multiplying this identity by ij:^^^!^^ for a 1 < A; < d, we get 

This yields, with the notations in Lemma [5. 191 

Either, WkQk = in which case As„WlBk = consequently ^n^Sn^^Bk < 1- Either 
WkQk 7^ in which case the above identity implies 

^CnWk{l + ^^Sr.^k)^Bk = Cd+^)s„WklBk 

or equivalently 

\nAs„W{l + ^lfsAs^N)lBk = {As,D + "^5, A5„iV)]lB, 

By Corollary I5.20[ (1 + '^Tp^^^As^N) > on Bk- The above identity becomes 

-r As D + '^T3a As N 

^^nAs^WlBk = " 

By Assumption 13. ![ AD < 1. We conclude finally ^^^A^^M^lst. < 1. This being valid for any 
1 < n < N* and 1 < A; < d, we prove the first inequality. 

Theorem 14.41 is proved. 



References 

[1] Ankirchner S. (2006) "Metrics on the set of semimartingale filtrations" Stochastics 
vol. 78 (2) pp.67- 76 

[2] Ankirchner S. and Dereich S. and Imkeller P. (2006) "Metrics on the set of 
semimartingale filtrations" Annals of Probability vol.34 No. 2 pp. 743-778 

[3] Barlow M. and Emery M. and Knight F.B. and Song S. and Yor M. (1998) 
"Autour d'un theoreme de Tsirelson sur des filtrations browniennes et non browniennes" 
Seminaire de Probabilites tome 32 pp. 264-305 



26 



Chesney M. and Jeanblanc M. and Yor M. Mathematical methods for financial 
markets Springer 2009 

Choulli T. and Stricker C. (1996) "Deux applications de la decomposition de 
Galtchouk-Kunita-Watanabe" Seminaire de Probabilites tome 30 pp. 12-23 

Choulli T. and Krawczyk L. and Stricker C. (1998) "£^-martingales and their 
applications in mathematical finance" Annals of Probability Vol.26 No. 2 pp. 853-876 

FONTANA, C. (2012), Four Essays in Financial Mathematics, PhD Thesis, Department of 
Mathematics, University of Padova 

He, S.W. and Wang, J.G. and Yan, J. A. Semimartingale Theory and Stochastic Cal- 
culus, Science Press and CRC Press, Beijing 1992 

Imkeller P. AND Perkowski N. (2011) "The existence of dominating local martingale 



measures" 



http : //arxiv.org/pdf /1 1 1 1 . 3885vl .pdf 



Ingersoll J.E. (1987) "Theory of financial decision making" Rowman and Littlefield 
studies in Financial mathematics Rowman and Littlefield, Totowa 

Jacod J. Calcul stochastique et problemes de martingales Springer- Verlag 1979 

Jacod J. (1985) " Grossissement initial, hypothese {H') et theoreme de Girsanov", Gros- 
sissements de filtrations : exemples et applications Lecture Notes in Mathematics 1118, 
15-35, Springer- Verlag 

Jacod, J. and Shiryaev, A.N. Limit Theorems for Stochastic Processes, second edition. 
Springer, Berlin - Heidelberg - New York 2003 

Jeanblanc, M. and Song, S. (2012), "Martingale representation property in progres- 
sively enlarged filtrations" http : / /www . arxiv . org . /pdf /1 203 . 1447 . pdf 

Jeulin T. Semi-martingales et grossissement d'une filtration. Lecture Notes in Mathema- 
tics, 833, Springer 1980 

Jeulin T. and Yor M. (eds.) Grossissements de filtrations : exemples et applications. 
Lecture Notes in Mathematics 1118, Springer 1985 

Kabanov Y.M. (1997) "On the FTAP of Kreps-Delbaen-Schachermayer". In : Kabanov 
Y.M. and Rozovskii B.L. and Shiryaev A.N. (eds.) Statistics and control of stochastic 
processes Moscow World Sci. Publ. River Edge 1995/1996. pp. 191-203 

Karatzas, I. AND Kardaras, K. (2007) "The numeraire portfolio in semimartingale 
financial models" Finance and Stochastics vol.11 pp. 447-493 

Kardaras C. (2012) "Market viability via absence of arbitrage of the first kind" to appear 
in Finance and Stochastics 

Kardaras, C. (2010) "Finitely additive probabilities and the fundamental theorem of 
asset pricing" in : Chiarella, C. & Novikov, A. (eds.), Contemporary Quantitative Finance : 
Essays in Honour of Eckhard Platen pp. 19-34 Springer Berlin - Heidelberg 

LOEWENSTEIN M. AND WiLLARD G.A. (2000) "Local martingales, arbitrage, and viabi- 
lity. Free snacks and cheap thrills". Econom. Theory vo.l6 pp. 135-161 

Mansuy R. and Yor M. Random times and enlargements of filtrations in a Brownian 
setting Springer 2006 

PrOTTER, p. Stochastic Integration and Differential Equations, version 2.1 Springer, Ber- 
lin - Heidelberg - New York 2005 

SCHWEIZER, M. (1992) "Martingale densities for general asset prices" Journal of Mathe- 
matical Economics, vol.21 pp. 363-378 



27 



[25] SCHWEIZER, M. (1995) "On the minimal martingale measure and the Follmer-Schweizer 
decomposition" Stochastic Analysis and Applications vol.13 pp. 573-599 

[26] Takaoka K. "A note on the condition of no unbounded profit with bounded risk" to 
appear in Finance and Stochastics 

[27] YOR M. "Entropie d'une partition, et grossissement initial d'une filtration" In Jeulin T. 
and Yor M. (eds.) Grossissements de filtrations : exemples et applications Lecture Notes 
in Mathematics 1118, Springer 1985 pp. 45-58 



28 



